THE COLLAPSING RATE OF THE KAHLER-RICCI FLOW 
WITH REGULAR INFINITE TIME SINGULARITY 

FREDERICK TSZ-HO FONG* AND ZHOU ZHANGt 

Abstract. We study the collapsing behavior of the Kahler-Ricci flow on a 
compact Kahler manifold X admitting a holomorphic submersion X S 
coming from its canonical class, where S is a Kahler manifold with dime S < 
dime We show that the flow metric degenerates at exactly the rate of e~* 
as predicted by the cohomology information, and so the fibers ■k~^{z), z G S 
collapse at the optimal rate diamt (tt^^ (z)) ~ e"*'''^. Consequently, it leads 
to some analytic and geometric extensions to the regular case of Song-Tian's 
works |ST1||ST2] . Its applicability to general Calabi-Yau fibrations will also 
be discussed in local settings. 



1. Introduction 

In this note, we let X be a closed connected Kahler manifold with dime X = 
n which admits the following fibration. Let (E,a;i;) be a Kahler manifold with 
dime T, = n — r < n and X E is a surjective holomorphic submersion. This 
submersion gives a smooth fibration structure by classical results due to Ehresmann 
[Eh] and Fischer-Grauert [FGj . For each z £ E, we call tt~^{z) a fiber based at z, 
which is a complex submanifold of X with dime — r. X is a smooth fiber bundle 
over E, but the induced complex structure on each fiber may vary. In the case 
where the fibers are isomorphic, X is a holomorphic fiber bundle over E. Here, we 
allow E to be a point, i.e. r = n. 

Throughout the note, we assume that the first Chern class ci{X) = —TT*a for 
some Kahler class a on E, and so each fiber 7r^^(z) is a Calabi-Yau manifold. We 
consider the following normalized Kahler-Ricci flow on X, defined by 

(1-1) ^ = -R.ic(wt) -wt, t^tlt^o^'^o, 

with any Kahler metric wq as the initial metric. 

The Kahler class [ujt] at time t is precisely given by —ci{X) + e^*([wo] + ci{X)), 
where we have chosen the convention ci{X) — [Ric(aj)] for any Kahler metric uj on 
X. The maximal existence time T of (jl.ll) is uniquely determined by the optimal 
existence result due to Tian and the second-named author in [TZj . namely 

T = snp{t : -ci{X) + e~\[ujo] + ci{X)) is Kahler.}. 

The infinite time singularity case (i.e. T = oo) in this note is as follows. We 
have a surjective holomorphic submersion tt as described above. Moreover, tt* [ws] = 
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— m • ci{X) for some Kahler class [ws] over E and a positive integer m. In practice, 
we usually have tt generated by holomorphic sections of the line bundle m ■ Kx as 
a map X ^ CP^, where Kx is the canonical bundle of X, i.e. ci(Kx) — —ci{X), 
and E is the image of tt. One can take = 7r*WFS where wps is the Fubini-Study 
metric on CP^, and [ws] is the restriction of the hyperplane class of CP^ to E. 
Under this setting, —ci{X) is semi-ample and by the optimal existence result, the 
flow exists forever. The limiting Kahler class as t — oo is exactly —ci(X). We call 
this regular infinite time singularity. 
Define Woo ~ 7r*W5] and set 

iot = ujoo + e~\^^a - Woo)- 

Then ut is a reference metric in the same Kahler class as the flow metric w*. The 
following is the main result of this paper: 

Theorem 1.1. Let X ^ be a holomorphic submersion described above and uit 
satisfies the normalized Kahler-Ricci flow dtUJt = — R.ic(wt) — Wt on X . Assume we 
have regular infinite time singularity and the Kahler class [ujt] limits to tt* [ujy\ for 
some Kahler metric on E (i.e. ci{Kx) — t^*[^t\)- Then, using the notations 
introduced above, we have 

where C is a uniform constant depending only on n,r, wg, and ws. Hence, uJt — 
e^^ojQ along fibers and the fibers have diameters uniformly bounded from above and 
below by exponentially decaying terms, i.e. 

C~^e~5 ^ diamt(7r"^(z)) Ce^^ , for any z € E. 

This result shares the same theme with several related works in the current 
literature. In }ST1|IST2) . Song and Tian studied the collapsing behavior of elliptic 
and Calabi-Yau fibrations with non-big semi-ample canonical bundle under the 
normalized Kahler-Ricci flow (jl.ip . and showed that the metric on the regular 
part converges, as a current, to a generalized Kahler-Einstein metric on the base 
manifold. In case of elliptic fibrations, it was proved in jSTlj that the convergence 
is in C^'"-sense for any a < 1 on the potential level. Theorem 11.11 in this note 
asserts if the fibration is regular then one can obtain an optimal fiber-collapsing 
rate diamt ~ e~*/^, and more importantly, shows that the C"'^'"-convergence also 
holds for smooth Calabi-Yau fibrations of general dimensions (see Corollarv l4.2p . 

There are analogous collapsing results for the unnormalized Kahler-Ricci flow 
dtUJt — — Ric(wt) with finite time singularity. For instance, the collapsing behavior 
of CP''-bundles was studied by Song, Szekelyhidi and Weinkove in }SW1] and |SSW] 
(see also [Flj by the first- named author). The collapsing behavior of Ricci-flat 
metrics on Calabi-Yau manifolds is also studied in |To| and |GTZ| by Gross, Tosatti 
and Y. Zhang. The common theme shared by all the aforesaid works is that the 
limiting behavior of the Kahler metric can be read off by the cohomological data. 

Inspired by jCTZj . we deduce several geometric and analytic consequences of 
Theorem 11.11 on toric fibrations, a special case of Calabi-Yau fibrations with com- 
plex tori as fibers. The existence of semi-flat forms on toric fibrations with a good 
rescaling property allows us to make use of Theorem 11.11 to further strengthen the 
C^'"-convergence. Using a parabolic analogue of Gross- Tosatti- Y.Zhang's argu- 
ment, we show that on toric fibrations if the initial Kahler class is rational, then 
along the Kahler-Ricci flow we have (see Propositions 15. 5| [5^ and [5^ : 
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(i) the Riemann curvature ||Rm||tjj is uniformly bounded; 

(ii) LOt converges smoothly to a generalized Kahler-Einstein metric on E; and 

(iii) when restricted to each torus fiber, e^ujt converges smoothly to a flat metric 
on the fiber. 

Some of the above statements, particularly (ii), were conjectured in (ST11IST2] (see 
also jSW2j ) on regular Calabi-Yau fibrations, and on general Calabi-Yau fibrations 
away from singular fibers. A recent preprint |Gij by Gill gives an affirmative answer 
to the case where X is a Cartesian product of a complex torus and a compact 
Kahler manifold with negative first Chern class. Our results hence further affirm 
these conjectures on a wider class of regular toric fibrations. One fundamental 
assumption in Propositions l5.5[l5.6l and [??51 is that the initial Kahler class is rational. 
It guarantees the existence of a suitable semi-flat form explicitly constructed by 
Gross- Tosatti- Y.Zhang in |GTZ) . We hope that this technical assumption can be 
removed. 
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and Ben Weinkove for many valuable discussions and inspiring ideas. 

The second-named author would like to thank Gang Tian for introducing him 
into this interesting research area and constant support. He also like to thank the 
School of Mathematics and Statistics at Sydney University for providing the great 
research environment. 

Both authors would like to thank Valentino Tosatti especially for suggesting 
the use of arguments developed in ^G TZ, which contributes to a great part of the 
extension (Section 5) from an earlier version of this work. 



In this section, we prove the necessary estimates for establishing Theorem ll.il 
We adopted the techniques developed in |TZllSTlllTo[|Z2| etc. Once the pointwise 
decay of the volume form w" is established, the rest of the argument will follows 
similarly as in |F2| by the first-named author (see also ^Tp! for an elliptic analogue 
of the argument). 

We rewrite the Kahler-Ricci flow (II. ip as a parabolic complex Monge- Ampere 
equation in the same way as in [TZIISTl] etc. We use the family of reference metrics 
u)t defined before, which is in the same Kahler class as ujt- By the 99- lemma, there 
exists a family of smooth functions ift such that ojt = uJt + ^/—Iddipt- Let $7 be a 
volume form on X such that 



whose existence is clear from the cohomology cosideration. 

Then it is easy to check that the Kahler-Ricci flow (|l.ip is equivalent to the 
following scalar evolution equation (with a complex Monge- Ampere looking): 



2. Some Estimates on Decay Rates 



(2.1) 




(2.2) 




^t, ^0 = 



and so the solution ipt also exists forever. 
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Convention: in this note, we denote C > to be a uniform constant which depends 
only on n, r, ujq, loy,, and may change from Une to hne. A stands for Laplacian with 
respect to the flow metric wj. 

We begin with the following Oth-order estimates. 

Lemma 2.1. For (j2.2[) . there exists a uniform constant C — C{n,r,ujQ,ujj:) such 
that 

Wt \ < c, 



^ c 



dt 

Proof. Because tt : X — > E is a fiber bundle structure and that a)" ~ e^^^fl, by a 
straightforward Maximum Principle argument, we have \tpt \ ^ C. 

dipt 
dt 



Next we derive the bound for Taking t-derivative of (|2.2p we get 



d f d(pt\ f d(pt\ , . dipt 

We can also reformulate it to the following two equations: 
d ftdVt\ _ . ftdipt 



dt ^^*^j-A^e'^)-Tr.,K-^oo) + re*, 

(2.3) |( t + ^ ^ + + + 

The difference of these two is 



Applying Maximum Principle and the bounds for (pt-, we have 
dpt ^ (n - r)t + re* + C ^ ^ 

at ^ e* - 1 ^ ■ 

For the lower bound, we can mimic the argument in [STlj as follows. 



We can then combine 

d A f dpt 



to arrive at 



Again applying Maximum Principle and the bounds of pt, we can conclude the 
lower bound for □ 

Remark 2.2. For the unnormalized Kahler-Ricci flow with finite time singularity, 
the first-named author has to assume in |F2j a uniform bound on TrtjQRic(a;t) in 
order to derive an appropriate pointwise decay of the volume form uj". Note that 
such an assumption is not needed in the setting of this note. 

In jSTSj , there is a delicate argument to establish the same results as in Lemma 
I2.1l when the tt is not assumed to be regular. 
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These Oth-order bounds provide the exact setting as in [Z3] and [ST3] . and lead 
to a sequence of estimates which eventuahy prove the uniform bound of the scalar 
curvature. Among those estimates, there is one which is useful for our purpose of 
this note: 

(2.4) Tr^j7r*WE = Tr^^Woo ^ C, 

uniformly for t e [0, oo). 

Lemma 12.11 tells us that the volume form of uJt behaves exactly as predicted by 
the cohomology information. Since it is useful for establishing the main theorem, 
we summarize it in the following lemma: 

Lemma 2.3. There exists a uniform constant C = C{n,r,ujQ,ujs) > such that 
for any t G [0, oo), we have 

(2.5) C-^e-''*n ^ ufl sC Ce-''*n. 

We now show the Kahler potential ipt decays at a rate of e~* after a suitable 
normalization described below. 

For each z e E and t e [0, T), we denote ujt,z to be the restriction of Wt on the 
fiber 7r~^(z). For each t S [0, T), we define a function : S — > M by 

^^^"■^ " v^j L-ir.->^ / "^0^- 

which is the average value of ipt over each fiber 7r^^(z). The pull-back 7r*<l>t is then 
a function defined on X. For simplicity, we also denote 7r*$t by $t. 

Lemma 2.4. There exists a uniform constant C = C(n, r, wq, ws) such that for 
any t £ [0, oo), we have 

(2.6) \e\^t-^t)\^C. 



Proof. Denote ipt = e*{ipt — <&t). For each z S E, we have ut.z = e *wo,2j and so 



$t depends on 

we have 



Since $t depends only on z e S, we have \/—ldd^t\ -i, = 0. By rearranging, 

I 7T [Z) 



(2.7) e uit,z = ^^o,z + V^dd(p 



l7r-i(2) 



Regard (j2.7p to be a metric equation on the manifold tt ^{z), and we have 



(2-8) (c^o,.+ V^5a^4-i(,)j 

Using Lemma [2.31 '^^ can see along 7r~^(z), 



(2.9) 



^5 A (vr*..^)"-^ 

, ,r A , \n — r , ,r, 

CJ^ /\ [71 LJyI ) 



ul' w5 A (7r*a;E)"-'- 

s;C(Tr^,^*c^s)"-"-e-'^*. 
Combining (|2.4p with (|2.9p . we see that (12. 8p can be restated as 

(2.10) (c^o,. + = F,{^,t) (wo,.)'' 
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where Fz{^,t) : tt^^{z) x [0,r) — > M>o is uniformly bounded from above. 

Since /^-i^^-, <Ptw5 ^ — 0, by applying Yau's L°°-estimate (see [Y]) on p.7p . we 
then have 

(2.11) sup l^tKa, 

7r-i(z)x[0,T) 

where Cz depends on n,r,u!o,ui^,sup^-i(^z)x[o,T) ^z^^'^^i^o,zi''^~^i^))j the Sobolev 
and Poincare constants of '!r~^{z) with respect to metric wq^z, all of which can be 
bounded uniformly independent of z. It completes the proof of the lemma. □ 

Remark 2.5. Yau's L°°-estimate was proved by a Moser's iteration argument. Read- 
ers may refer to Chapter 2 of [S] for an exposition of the proof. 

Remark 2.6. In our setting, the uniform boundedness of Sobolev and Poincare 
constants of (7r^^(z), ajo,z) follows from the compactness of E and the absence of 
singular fibers. With the presence of singular fibers, there is a detail discussion in 
[To] in this regard. The bounds of these constants can be derived using the fact that 
7r~^(z)'s are minimal submanifolds of X and the classical results in |MS[ICh|lLY] . 

3. Proof of Theorem 11.11 
Now we can proceed to the proof of the main result about the collapsing rate. 

Proof of Theorem We apply Maximum Principle to the following quantity 

Q := log(e"*Tr^,wo) - Ae\^t ~ $t), 
where A is a positive constant to be chosen. Denote O — dt — A, and we have 

(3.1) □ log(e-*Tr^,wo) + CTt^.l^o 

where C depends on the curvature of ujq. 

We also need to compute the evolution equation for the second term in Q. 

□Ae*(^, - $0 = Ae* _ ^) + Ae\^, - $,) 

-Ae\n-Ti^^ujt-A<S>t). 
Using the lower bound of given by Lemma [2. 11 we have 

(3.2) DAe^^t ~ $t) ^ ~CAe' + ^e'Tr^^cZ;* 
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Combining p.ip and p.2p . we have 
(3.3) DQ < CAe* + CTt^.ujq - Ae*Tr^, (e-*a;o + (1 - e-*)^^ 

dipt r \ 

7r-i(2) / 



5<^t r 



By Lemma we have ^ < C for some uniform constant C . It follows that 

Note that Vol^^g ^{tt^^{z)) is actually independent of z. 
For the Laplacian term of $t, we have 



> "Tr^t / (wo A w^.^ + TT*uJs A J . 

Since Tr(jj7r*ws ^ C and J^-i(^^^ ("^o A cjq^^ + 7r*ws A a;^,^) is a smooth (1,1)- 
form on S independent of t, we have 

'Pt'^0,2 > -C 



for some uniform constant C. Back to p.3p . we have 

(3.4) DQ ^ Cv4e* + (C - A)Tr^,wo ^ CAe* - Tr<^,u;o 

if we choose A sufficiently large such that C — A ^ — 1 . 

Hence, for any S" > 0, at the point where Q achieves its maximum over X x [0, S*], 
we have Tr^j^ (e^'wo) ^ C for some uniform constant C independent of S. Together 
with LemmaUm it follows that for any t e [0, oo) we have, 

(3.5) C-ie-*wo s$ ujf 

Combining with the fact from (|2.4p that ujt ^ C^^tt*uj^, we have 

(3.6) C-^iJt < ujf 

Together with Lemma [2.31 which indicates ^ Cuj]^, we also have Wt ^ CcJt for 
any t g [0, oo). 

It completes the proof of the theorem. □ 
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4. Convergence at Time Infinity 

The argument in jSTl] can be apphed to our regular infinite time singularity 
case for general dimension and show that the Kahler-Ricci flow converges to the 
commonly called generalized Kahler-Einstein metric. 

We focus on the nontrivial case dime S ^ 1. The fibers of the map tt : X — > S 
are all smooth Calabi-Yau manifolds, and so there is a Ricci-fiat metric wq.z + 
\/— 195\E'(z) for each z € E. After normalizing ^(z) to have J^-i(^^_^ ^{^)'^o 2—0' 
we have a smooth function 4' over X with the smooth closed (1, l)-form 

being Ricci flat on each fiber. We further define the following smooth function a 
priori on X , 

1 

ALU's F 

which makes sense despite of the fact that losf might not be a metric over X. 

Since \/—ldd\og il = Woo = and ujsf is a Ricci-fiat metric along each fiber, 

we know that F is constant along each fiber and so is the pull-back of a smooth 
function over E. 

Over E, we always have a unique and smooth solution u to the following complex 
Monge- Ampere equation, which is a classic elliptic equation when dime E = 1, 



and we use the same notation for its pull-back on X. 

Denote ujgke — (^s + ^/—Iddu. Direct computation as in [STl] then shows that 
this metric satisfies 

Ric{uJGKE) = -UJGKE + UJWP 

where ujwp is the Weil-Petersson metric determined by the fibration tt : X ^ E. 
We also use ujgke for its pull-back on X, and so on X, ujgke = ^oo + ^/—\ddu. 
Our main result in this section is the following. 

Theorem 4.1. The solution ipt for 112. S\) converges uniformly to u as t ^ oo. 

Proof. Set Vt — (pt ~ u ~ 6^*^*. Since the flow metric uJt = uit + ^/—Iddipt and 

Wf = ujoo + e.^*{uJo — ujoo), we have 

uJt = {ujgke - e'^ujoo) + e~^ujsF + \/~^ddvt. 
Meanwhile, since ufXrJ„ — Fe"a;"^'' and F — , , „j^,. , we have 

{^)uj--^'^Auj'sF^^e\ 
Combine this to compute the evolution of v as follows 

dt dt ^ 



(4.1) 





j^UJGKE 


- e^^ujoo) + e^^ujsF + 








n 






{ujgke 


- e^'woo) + e^^ujsF + 








['^Wgke a 






{ujgke 


- e^^ujoo) + e^*uJsF + 





log ^ (p + e 

fi*"' ( (uji^wi? — e^*uj^) + er^ujsc -t- \/ —ABdvt)^ 

log- 



log Vt . 

{^Wgke^^sf 
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Now we apply the standard Maximum Principle argument for vt by looking at 
the spatial extremal value as a function of t. 
The following observation is very useful 

_ , e-^((TO-e-W)+e-W)" t_ 

^ ° fn\, ,n-r . r ^ 

Set A{t) ~ maxx ft and we have 

and so vt ^ Cte~^ + Ce^*. Similarly vt ^ —Cte^^ — Ce~*. 

Hence we conclude |(/3t — u| ^ Ce^2^ and (pt u exponentially. 

□ 

Recall that Theorem 11.11 proves ujt and ujt are uniformly equivalent. Combining 
with the fact that Tri^^dit < C, one can show |A(^Q(^t| < C and hence we have 

Corollary 4.2. Kdhler-Ricci flow Ut converges to lugke as t ^ oo in the sense 
that the metric potential ipt u in C^'"^ -norm for any a < \. 



5. Type III singularity of Toric Fibrations 

In this section, we specialize on one category of Calabi-Yau fibrations, namely 
toric fibrations, where all fibers '!:~^{z) are complex tori C/Az. We again focus on 
regular fibrations. We will provide another geometric application to the collapsing 
rate result (Theorem II. ip . obtaining the uniform boundedness of ||Rm||tjj when 
the initial Kahler class [wq] is rational. A solution Cog to the unnormalized Ricci 
flow dsCjs — — Ric((Ds) is called Type III if ||Rm||£i^ < C/s for some uniform 
constant C > 0. One can easily verify by the correspondence uJt = e~*J)(et_x) 
between normalized and unnormalized flows that Type III singularity is equivalent 
to saying ||Rm||^j is uniformly bounded in the normalized flow. Furthermore, we 
will show that in this special case the convergence of both ipt and is in fact in 
C°°-topology which strengthened the result showed in Corollarv l4.2l 

Here is the setting in this section. Let AT" ^ Y,n-r ]-,e a holomorphic submersion 
fibered by complex tori such that ci(A") — — [7r*a;s] for some Kahler metric ujy, on 
S. For each point z e S, there exists a neighborhood z € i? C S such that 
Tr~^{B) C X is trivialized: i.e. there exists a lattice section A^ varying over z E B 
such that {B x C'^)/Az is biholomorphic to tt~-^{B). 

From now on we assume the initial Kahler class [luq] is rational, i.e. [loq] G 
iJ^(X, Q), and hence X must be projective. Then there exists a closed nonnegative 
semi-flat form ujsf on Tr~^{B), with a good rescaling property, such that on each 
flber Tr^-^{z) we have i^si^l^-ij^) cohomologous to wqI^-i^^-j. The semi-flat form 
uJsF is a (1, l)-form such that for each z E B the restriction W5f|^-i(2) on the fiber 
TT~^{z) is flat. 

Lemma 5.1 (Gross- Tosatti- Y.Zhang jGTZ| ). Given that X is projective and [wq] 
is rational, then one can find a closed nonnegative (1, l)-form ujsf such that there 
exists a smooth function f : Tr^^{B) — > M with 

UJSF - Wo = V^ddf 
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and passing to the universal cover p : B x ^ B x (C/A^), we have 

p*LosF = V—lddip 

where ^jj : B x C^' ^ R is a smooth function with the following rescaling property: 
il){z, XS) = \^il){z, Cl for any (z, ^) G S x C anrf A G R. 

Denote Af : B x C B x C to be the rescaling map ^ {z,e^/^^). One 

can easily verify that 

(5.1) e-*A*p*W5F = e-*A*^/^59^/' = e-*y=T59(V' o A*) = V^ddi^ = p*ojsf- 

As before, we rewrite the normalized Kahler-Ricci flow = — Ric(ti;t) — ujt as 
the following complex Monge- Ampere equation (|2.2I) 

^ = 

where a)t = e~*a;o + (1 ^ e^*)7r*iujs and ut = ujt + ^/—ldd(pt- Here fi is a volume 
form on X such that \/—lddlogft — Tr*uj^. We first establish the following lemma 
using Theorem ll.il 

Lemma 5.2. There is a constant C > such that on _B x C we have 

C^^p* {7r*ujj: + ujsf) < ^tP*^t < Cp*{'k*ujy. +i^s_f) for any t>l. 
Proof. First we use the metric equivalence of uJt and Cjt established in Theorem ll.il 

C^^Cjt < < CbJt- 

For the sake of simplicity, we denote uJt ~ for the above metric equivalence (and 
for any other pair of metrics). Then, 

^p UJt ~ \p Ldt 

= A,V(e-*c^o + (l-e-*)^*c^E) 

= e-*A*p*wo + (1 - e-')p*7r*a;s. 

Note that AtP*7r*a;E = p*tt*ujj: since At rescales the fiber directions only. As uiq — 
uJsF + we have 

\lp*ujt ~ e-*X*tP*ujsF + (1 - e-*)p*7r*ws 

~ P*UJSF + (1 - e~*)p*7r*ws 
~ p*(a;5F + 7r*cjE) for t > 1. 

□ 

Next we show X^p*ujt is locally cohomologous to p*{ujy: + w^f) in i? x C": 

X*p*iut = A:p*(e-*wo + (1 - e^*)^*ws) + \/^a9((pt o p o A*) 

= e"*AtP*a;o + (1 - e~*)p*7r*a;s + V^99((^t o p o At) 

= e-*AtV(wsF - y^aa/) + (1 - e-')p*n*u^ + V^dd{ipt o p o Xt) 

— p*iosF — ^/^-ldd{e^*^ f o p o Af ) + (1 — e^^)p* TT* luy. + V^dd{tpt opo At). 

On the open ball i? C S, the Kahler metric ws can be locally expressed as \/—ldd(^ 
for some smooth function ( : B M.. Therefore, we have 

(5.2) AtVwt = p*{losf + ^*ws) + V^ddut, 
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where ut — (fit ° P ° — e^*(/ opo At) — e^*(C op). As ipt is uniformly bounded on 
X, we have ut being uniformly bounded on B x <C^. 

One can show the following higher-order estimates using Evans-Krylov's and 
Schauder's estimates: 

Lemma 5.3. Given any compact set K d B x and any k > 0, there exists a 
constant C = C{K, k) such that 

(5.3) \\ytP*^t\\cHK,5) < C 

where d is the Euclidean metric of B x . 

Proof. We first derive a complex Monge- Ampere equation for ut : from the Kahler- 
Ricci flow equation, we have 



By rescaling, we have 

(AtVc.0" = AtVc^r = (e^+^'-'-* opo At) • x:p*n. 



Since Idd log il = tt*uj-s and so >/— l591og r2|^_ij,^^ = for each z £ B. 

By the compactness of the toric fibers tt^^{z), we have depends only on z e S 
and hence e~^'^X^p*n — p*n. Therefore, from (|5.2p the potential ut satisfies the 
following equation: 

(5.4) \og{p*{ujsF + 7r*uj^) + y/^ddutr ^ + ° P ° + \og{p* il) . 

The following quantities are uniformly bounded according to the gradient and 
Laplacian estimates due to [CYlE] (see also [SeTl[STn[ST2l[Z2] etc.) 

\\^.Avt + 'Pt)\U<C, \A{^t + 'Pt)\<C. 

Hence, 

|AA;p-tJt(<^t +(pt)°P°>^t\<C. 

Bv Lemma l5.21 we have A*p*a;t ~ p*{ujsF+''^*^s) — SonKc iJxC. Hence, apply 
Evans-Krylov's theory (see |Ev[|Krj ) on (|5.4p one can get a uniform C^'"-estimate 
on Ut. Finally, by the Schauder's estimate (see e.g. jGTj ) and a bootstrapping 
argument, one can complete the proof of the lemma. Here we supply the detail of 
the bootstrapping argument: 

Let D be any first-order differential operator on B xC^. Differentiating (|5.4p by 
D gives 



Ax'p'ujtiDut) = -Tr x-^p'ujt Dp* {uJsF + n*ujs) 

dipt 
dt 



(5.5) +D^X*tP* [^ + ^t]}+Dlog{p*n). 
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From ()2.3p . one can show using the chain rule that 



j=i 



i=i 



Hence, A^p* + </'t^ satisfies the following parabolic equation: 

(5.6) (^^ - ^Kp'^^ H = {OeH, d^+di)s~n + r + TrA.p.„,p*^*ws 

where denotes the flat connection on S x C and 9^ = (^i, . . . , S^r) G C*". 

Assume that ut € C*-'-" for some k > 2 and < a < 1. Then by (|5.2I) we have 
XfP*ujt e C'^"^'". By the uniform bound of Xlp*LOt, one also has {XfP*uJt)^^ G 
(jk-2,a_ Hence applying parabolic Schauder's estimate on (|5.6I) one get 

The controls are uniform in time because we already have uniform controls on the 
metric and norm of the evolution term. 

Hence the coefficients of the elliptic equation (|5.5p are in C'^"^'", and applying 
elliptic Schauder's estimate one has Dut e C''^'" and therefore Ut € (jk+i,a 
is one higher-order up than our assumption. Since Evans-Krylov's theory asserts 
that Ut € C^'", this bootstrapping argument implies ut G C°° which completes the 
proof of the lemma. □ 



Lemma 15 . 31 proves smooth convergence of the modified potential Ut- The uniform 
bound on ||Rm||t^.j can hence be established by the following argument. 

Remark 5.4. In fact, a uniform bound for C^-norm of ut is sufficient to prove 
the uniform boundedness of ||Rm|li^j. The higher order estimates will be used in 
obtaining later results. 

For each point x Cz X, find a compact subset K containing x such that K C 
TT~^{B) = B X (C/A^) for some small open baU B C S. We then get 

sup||Rm||^j = sup ||Rm||p.„j 

K K' 
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for some K' C B x C such that p{K') = K. Therefore, 

sup||Rm||^, = sup ||Rm||A'p*tuf 

As X^^{K') = {(z,e~*/^^) : (z,^) e K'.}, one can easily see Ut>oK^iK') is pre- 
compact. By Lemma one has sup;!^-i(^,j ||Rm|| >,*p»(^t < Ck where Ck depends 
on K. By covering the compact manifold X by finitely many such K^s we have 
proved: 

Proposition 5.5. Suppose tt : X — > E is a smooth holomorphic submersion fihered 
by complex tori such that the initial Kdhler class [ujq] is rational. Then along the 
normalized Kdhler-Ricci flow (jl.ip . we have ||Rm||(^j < C for some constant C > 
independent oft, i.e. the flow encounters Type III singularity. 

Another consequence of Lemma 15.31 is the C°°-convergence of LUt to the gener- 
alized Kahler-Einstein metric, which strengthened the C^'"-convergence result (on 
the potential level) in Corollarv 14.21 Recall that i^t — m as t — )■ oo where u : E R 
is the potential function such that ujgke = i^s + V—lddu. Under the setting in 
this section, we have the following proposition: 

Proposition 5.6. Under the same assumption as in Provosition \5.5l we have 
(i) ift^uin C°°{X,u}{i) -topology, and 
(a) ujt — > ■n*ijJGKE in C°°{X,uJo)-topology. 

Remark 5.7. From now on all the C'^-norms below are with respect to a time- 
independent metric. Also, by uniform bounds on C'^-norms we mean that the 
bounds are independent of t but may depend on k. 

Proof. First fix a compact set K <Z M and find K' C B x such that K' and K 
are biholomorphic via p, i.e. p{K') — K. From Theorem 14.11 we already know that 
95t — >■ u in C°-norm, hence to prove (i) it suffices to establish uniform bounds on 
||(y3t||c'fc(x)- Note that 

p*ujt = P*'^t + V^dd{ipt o p) 
and it is straight-forward to check that \\p*uJt\\c^^(K') ^ C{K' , k) for some constant 
C > depending only on K' and k. We are left to show ||p*ti^t||c'=(i<'') is uniformly 
bounded independent of t. 

Denote {zi,(^a} to be the base- fiber coordinates on S x C", i.e. i — 1, . . . ,n — r 
and a — I, ... ,r. The local components oi p*ujt and Ajp*a;t are related by 

{p*uJt)fjiz,S,) = {Xlp*ujt),]{z,e~'^^^S,), 

{p*OJt)Uz,0 = e-*/2(A,Vc^t).a(^,e-*/2^), 

ip*u;tUiz,0 = e~\\tp*u;t)^p{z,e-'/'0- 

By Lemma 15.31 the local components of Xlp*ujt are uniformly bounded in every 
C'^-norm. It is easy to check from the above relations that the local components of 
p*uJt are also uniformly bounded in every C'^-norm. Combining with the uniform 
C'^-bounds on p*uit, we estabhsh the uniform bounds on ||p*'/5t||c'=(if') and hence 
ll'/'t|lc=(if)- One can then prove (i) by covering M by finitely many compact subsets 
K. 
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(ii) is a direct consequence of Theoreni l4 . 1 1 and (i) above. Now we have Lpt — > ti*u 
and ujt — >■ 7r*ajs both in C°°-topology. Hence ujt — > 7r*ajE + ■K*\/~^ddu = ■n*(jJcKE 
in C°° -topology as i — > oo. □ 

To finish this section, we prove a result concerning fiber-wise convergence. We 
establish that the flow metric restricted on each fiber converges smoothly, after a 
suitable rescaling, to a flat metric on the torus fiber. Precisely, we have 

Proposition 5.8. Under the same assumption as in Provosition \5.5[ we have 
(i) Ut~^uop in C^c{B x C) as t ^ oo, 
(li) e*a;t|^-i(^) ^sfU-i(2) m {n-^ {z))-topology. 

Proof. By the proof of Lemma 15.31 we have uniform bounds on ||ut||(^fc(/f) for any 
compact subset K C BxC^. Hence for (i) it suffices to show Ut ^ uop in C°-norm. 
Recall that Ut is defined by 

Ut = (fit ° P ° >^t ~ e~* if o p o At) - e"*(C o p) 

where / and ^ are time-independent functions and hence are bounded on any com- 
pact subset of i? X C. It suffices to show (pt o p o Xt u o p m C^-norm, it can be 
established by Lemma 12.41 and Theorem 14.11 as below: 

\(ptopo Xt{z,(,) ~'UOp{z,^)\ 

= 0(e-*) + 0(e-*/2) = 0(e-*/2). 

Taking t —i' oo completes the proof of (i). 
To prove (ii), we restrict (|5.2p to the fibers, 

Pulling-back by A_t defined by (z,^) (z,e^*/^^) gives 
By the rescaling property of ujsf given by (|5.ip . we have 

A* * — t * 

_tP UJSF = e p LUSF- 

Note also that 

A* f ^/^dduA r 1 = e~* V^dduA r , ■ 
Combining these, we have 

e* P*^^tl{2}xC- = P*^SF\[,y^c- + ^/-l^^^ilfzlxC- ' 

From (i), we have Ut — ^ uop in (^{^^.(-B x C) and since uop depends only on z G -B, 
we have 



IfzjxC^ 

as i — ^ oo in Cj'^^-topology. Hence, we have e* p*a;t||^j^{,^ — ^ P*'^Sf|{2}xC'- 
C^^{{z} X C'")-topology, and so 

in C°°(7r^^(z))-topology. It completes the proof of (ii) since P*W5f|^-i(2) is a fiat 
metric for each z S S. □ 
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6. Remarks 

The totally collapsing case of E being a point (and so ci{X) = 0) is considered 
in H.D. Cao's work |Ca| on the Ricci flow proof of the Calabi-Yau Theorem. The 
convergence of flow metric to the point metric is certainly in very strong sense, and 
coincides with our scenario. 

We briefly describe a possible approach to adjust the previous argument to the 
general situation allowing singular fibers. We use the same setting as in fToJ as 
described below, and would stick to the existing notations in the current work. 

In the general case, the smooth fibration n : X ^ Yi is replaced by a holomorphic 
map F : X Y between complex manifolds with the image E = F{X) being 
possibly singular. In practice, this map is generated by the line bundle mKx for 
some large positive integer m and this manifold Y is some complex projective space 

There is a subvariaty S* in X with the restriction ofi^toX\S'— \ F{S) being 
a submersion. Now uis = Levi's for some Kahler metric ujy over Y. 

We still consider the collapsing case of dime X — n>n — r — dime Y, and then 
the restricted F gives a smooth bundle over E \ F{S) of fiber dimension r. 

As in |To) . there is a smooth function H over X defined by 



which vanishes exactly at S and is locally comparable with a (finite) sum of the 
squares of the norms of holomorphic functions. Furthermore, one can have another 
smooth real non- negative function a over Y vanishing exactly at F(s). Obviously 
we have 

y/^da Ada ^ Cuy , —Cuy ^ ^/~^dda ^ Cujy. 
We would also use a to denote its pull-back on X . 

Now we consider the arguments in the previous sections in this general situation. 
Lemma 2.1 is still valid by the recent work jST3j by Song-Tian, and so is (2.4). 
Thus Lemma 2.3 still holds. 

The estimate in Lemma 2.4 needs to be replaced by 

|e*((pt-<i>t)KCe^""' 

over X\S for some positive constants C, B and A. The exact same argument works 
except that at the end where the Poincare constant and Green's function bound 
would no longer be uniform, resulting in the degeneracy of the estimate. Please 
see for detail. 



For the Maximum Principle argument in Section 3, in the same spirit as [STlj . 
we consider the term Q = e^^'^ ■ Q. 

Clearly, VQ = e-^^'^VQ + QVe-^'''\ and so VQ = e^^'^VQ + BQVa-^. 
In this work, V means d and (•, •) is the Hermitian product with respect to the flow 
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metric LOt- Then we have the foUowing computation, 

□Q = e^-^'^^'ng - Q/^e-^"'^ - 2Re (vQ, Ve"-^'"" 

- 2Re (e^'^'Vg + BQVa'^, -Be"^'^" Vtr"^) 
= e-^'^'^DQ + 2BRe (vQ, Vct"^) 

The following useful estimates can be established by the properties of a summa- 
rized earlier. 

|Va-^|2 = AV-2^-2|Va|2 

= AV-^^-^Tr^^ (\/^a(T A do) 

^ CfT-2^-2Tr„,(C;Woo) 

|Aa-^| Aa-^-i|AtT| + |A(A + l)a-^-^\VG\''\ 

^ A(j-^-i|Tr^,(\/^a9a)| + A(A + Vja'^-'^TTi^.iyf-lda A da) 
^ C'(T-^-2Tr„,(Cwoo) 

Meanwhile, the lower bound for A<1>( is replaced by the degenerate term —Ca~^. 
Combining all these, we have 

UQ ^ e"^'^"^ [CAe^a-i" + CAe* + (C - A)Tv^^uJo) + 2BRe (VQ, Vcr"^) 

+ CB\Q\e-''"~\-^-^ + CB2|Q|e-s--V-2A-2. 

Now we apply Maximum Principle to get an upper bound for the term 

Q = e-^"''^ ■ Q = e-^"^"" • (logTr<^,wo - t - Ae\ipt - $*)). 

Clearly, we only need to consider the case Q > at the point being considered. 
Then at the maximum value point in the region X x [0, 5] with t > Q (which is 
clearly not in 5), we have 

(CAeV"'^ + CAe* + (C - ^)Tr^,wo) + CBQa-^'^ + CB^Qe'^^-^ 
Again, wc take a sufficiently large A such that C — A < —1. Using 

Q = logTr^^^wo - t - Ae*(^t - $0 ^ logTr^.wo - t + CAe''^~\ 
we end up with 

Tr^.cjo logTr„,wo + Ce*e(^+^)'^"' 

for some e > 0. So we have 

from which we conclude 
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Hence we have e^*ajo ^ F{a)ujt which is a degenerate analogue of (3.5). By the 
same argument as in Section 3, one conclude that ^j^iit ^ wt ^ G{(j)iJt, indicating 

the metric collapses along fibers 7r~^(z) for z € S \ F{S). 

For the discussion in Section 4, however, we have essential difficulty in adjusting 
the argument to the general case. The complex Monge- Ampere equation in the 
definition of lugke, 

(we + V^Sau)"-'' = Fe"w^-^ 

is now over a (possibly) singular variety S. We could put it back to the desingular- 
ization of S, and the results in |DPllEGZllZl] give a bounded weak solution which 
is also continuous by [Zlj . However, one can not apply the argument as in |STlj 
for the flow convergence because of the lack of regularity even away from S. 

The discussion in Section 5 is local, as primarily in the original work of |GTZj , 
and so the conclusion of Proposition 15.51 is valid locally away from S. The lack of 
flow convergence is inherited from the above description. 

The convergence we have so far is only sequential. It is certainly expected to be 
flow convergence (in some proper sense) to the generalized Kahler-Einstein metric, 
and we hope to address this in later works. 

Nonetheless, the scalar curvature on the whole manifold remains to be uniformly 
bounded even with presence of singular fibers. See [Z2] for the non-collapsing case, 
and |ST3) for the general case including the collapsing case. 
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